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ABSTRACT
We explore empirical constraints on the statistical relationship between the radial size of
galaxies and the radius of their host dark matter haloes from z ∼ 0.1–3 using the Galaxy And
Mass Assembly (GAMA) and Cosmic Assembly Near Infrared Deep Extragalactic Legacy
Survey (CANDELS) surveys. We map dark matter halo mass to galaxy stellar mass using
relationships from abundance matching, applied to the Bolshoi–Planck dissipationless N-
body simulation. We define SRHR ≡ re/Rh as the ratio of galaxy radius to halo virial radius,
and SRHRλ ≡ re/(λRh) as the ratio of galaxy radius to halo spin parameter times halo radius.
At z ∼ 0.1, we find an average value of SRHR  0.018 and SRHRλ  0.5 with very little
dependence on stellar mass. Stellar radius–halo radius (SRHR) and SRHRλ have a weak
dependence on cosmic time since z ∼ 3. SRHR shows a mild decrease over cosmic time for
low-mass galaxies, but increases slightly or does not evolve for more massive galaxies. We find
hints that at high redshift (z ∼ 2–3), SRHRλ is lower for more massive galaxies, while it shows
no significant dependence on stellar mass at z  0.5. We find that for both the GAMA and
CANDELS samples, at all redshifts from z ∼ 0.1–3, the observed conditional size distribution
in stellar mass bins is remarkably similar to the conditional distribution of λRh. We discuss
the physical interpretation and implications of these results.
Key words: galaxies: evolution – galaxies: formation – galaxies: high-redshift – galaxies:
structure.
1 IN T RO D U C T I O N
Our standard modern paradigm of galaxy formation posits that
galaxies form within dark matter haloes, and much recent work
has focused on empirically relating the observable properties of
galaxies with those of their host haloes. While there are many
 E-mail: somerville@physics.rutgers.edu
†Hubble Fellow.
ways to approach this problem, a commonly used approach to con-
strain the relationship between the stellar mass (or luminosity) of
galaxies and the mass of their host dark matter haloes (the SMHM
relation) is (sub-)halo abundance matching (SHAM; Conroy,
Wechsler & Kravtsov 2006; Behroozi, Conroy & Wechsler 2010a;
Guo et al. 2010; Moster et al. 2010; Behroozi, Wechsler & Con-
roy 2013b; Moster, Naab & White 2013). The ansatz of such models
is that a galaxy global property such as stellar mass is tightly cor-
related with the host halo mass (or other property, such as internal
velocity). One can then ask: what sort of mapping between galaxy
C© 2017 The Authors
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property (m∗) and halo property (Mh) would allow us to match
the predicted abundance [from  cold dark matter (CDM) cos-
mological simulations] of haloes with mass Mh with the observed
abundance of galaxies with mass m∗, at any given redshift z? The
abundance matching formalism has proven to be extremely power-
ful, and agrees well with other constraints from clustering, satellite
kinematics and gravitational lensing (see e.g. Behroozi et al. 2013b).
Observationally, it is well known that galaxy stellar mass and
luminosity are strongly correlated with structural properties such as
radial size (Kormendy 1977; Shen et al. 2003; Courteau et al. 2007;
Bernardi et al. 2010; Lange et al. 2015), although there is a signif-
icant dispersion in radial size at a given stellar mass or luminosity
(de Jong & Lacey 2000; Shen et al. 2003). There have been a great
many studies of the cosmic evolution of the galaxy size–mass (and
size–luminosity) relation (Giavalisco, Steidel & Macchetto 1996;
Lowenthal et al. 1997; Lilly et al. 1998; Simard et al. 1999;
Ferguson et al. 2004; Ravindranath et al. 2004; Barden et al. 2005;
Trujillo et al. 2006; van Dokkum et al. 2008). With the installation of
Wide Field Camera 3 on the Hubble Space Telescope, and the com-
pletion of extensive multiwavelength surveys such as CANDELS
(Grogin et al. 2011; Koekemoer et al. 2011) and 3D-HST (Skelton
et al. 2014; Momcheva et al. 2016), we have gained the ability to
study galaxy structure at high redshift with unprecedented fidelity
and robustness. These large and highly complete surveys have al-
lowed us to study the dependence of the size–mass relation and its
cosmic evolution on galaxy properties such as morphology or star
formation activity (Newman et al. 2010; Damjanov et al. 2011; Cas-
sata et al. 2011; van der Wel et al. 2014a; van Dokkum et al. 2015).
Considerable effort has been devoted to attempting to understand
the physical origin of the size–mass relation and its evolution. Both
dark matter and diffuse gas acquire angular momentum via tidal
torques and mergers (Peebles 1969; White 1984; Porciani, Dekel &
Hoffman 2002; Vitvitska et al. 2002). The specific angular momen-
tum is often written using the dimensionless spin parameter:1
λ = J |E|
1/2
GM5/2
, (1)
where J is the total angular momentum, E is the total energy, G
is Newton’s gravitational constant and M is the total mass (Pee-
bles 1969). In the classical picture, diffuse gas acquires about the
same amount of specific angular momentum as the dark matter, and
conserves most of this angular momentum as it cools, collapses and
forms stars. The very simplest, most naı¨ve model of disc formation
makes the following assumptions: haloes are spherical and have a
singular isothermal density profile ρ ∝ r−2 with all particles on cir-
cular orbits; gas collapses to form a disc with an exponential radial
profile, conserving its angular momentum; self-gravity is neglected.
Under this set of assumptions, we expect the disc’s exponential scale
radius to be given by
rd = 1√
2
λRh, (2)
where Rh is the virial radius of the dark matter halo (e.g. Mo,
Mao & White 1998). Numerous refinements to this simplest model
have been presented in the literature. These include the deviation of
dark matter halo profiles from isothermal spheres, modification of
the inner halo profiles by self-gravity or energy input by stars or an
1 An alternative definition due to Bullock et al. (2001) is λB ≡
J (√2MVR)−1. Unless otherwise specified, λ denotes the Peebles defi-
nition in this work, but we also compare with the Bullock definition denoted
by λB.
active black hole, and transfer of angular momentum during the disc
formation process or due to mergers (e.g. Blumenthal et al. 1986;
Mo et al. 1998; Dutton et al. 2007; Somerville et al. 2008b; Shankar
et al. 2013; Porter et al. 2014a). These more detailed models are
discussed further in Section 5.4, but we note here that the expression
derived under presumably more realistic assumptions retains the
proportionality rd ∝ λRh (see equation 6).
Most semi-analytic models (SAM) of galaxy formation (e.g.
Kauffmann 1996; Somerville & Primack 1999; Cole et al. 2000;
Croton et al. 2006; Monaco, Fontanot & Taffoni 2007; Somerville
et al. 2008a; Benson 2012; Henriques et al. 2015; Somerville,
Popping & Trager 2015; Croton et al. 2016; Lacey et al. 2016) adopt
this ‘angular momentum partition’ ansatz, and use an expression like
equation (2) or variants such as those discussed in Section 5.4, to
model the sizes of galactic discs. Not all such models that adopt this
ansatz have explicitly published their predicted size–mass relations,
but some models have shown reasonable success in reproducing the
observed size–mass relation for the stars in discs over the red-
shift range z ∼ 0–2 (Somerville et al. 2008b; Dutton et al. 2011a;
Dutton & van den Bosch 2012). Popping, Somerville & Trager
(2014) compared their SAM predictions with the sizes of cold gas
discs of molecular hydrogen (traced by CO) or neutral atomic hy-
drogen (H I), finding good agreement at z ∼ 0–2. Some SAMs also
include a model for the sizes of spheroids formed in mergers and
disc instabilities (Shankar et al. 2010, 2013; Porter et al. 2014a).
As spheroids form out of discs in these models, the sizes of the
spheroids depend on the sizes of their disky progenitors. Models
that include the effects of dissipation have been shown to be suc-
cessful at reproducing the slope and normalization of the size–mass
relation for spheroid-dominated galaxies and its evolution from
z ∼ 2 to 0, while models that do not account for the effects of
dissipation do not fare so well (Shankar et al. 2010, 2013; Porter
et al. 2014a).
There has also been extensive study of the radial sizes of galaxies
(particularly discs) predicted by numerical cosmological hydrody-
namic simulations. Indeed, correctly reproducing the galaxy size–
mass relation and its evolution poses a stringent challenge for nu-
merical simulations. Early simulations were plagued by an ‘angular
momentum catastrophe’, in which galaxies were much too compact
for their mass (Sommer-Larsen, Gelato & Vedel 1999; Navarro &
Steinmetz 2000; Steinmetz & Navarro 2002). In these simulations,
stellar discs ended up with a much smaller angular momentum than
that of their dark matter halo due to large angular momentum losses
during the formation process.
More recently, improvements in hydrodynamic solvers, numeri-
cal resolution and sub-grid treatments of star formation and stellar
feedback have enabled at least some hydrodynamic simulations
to reproduce the observed size–mass relation for discs in ‘zoom-
in’ simulations (Governato et al. 2004, 2007; Guedes et al. 2011;
Christensen et al. 2012; Aumer, White & Naab 2014), and its evo-
lution since z ∼ 1 (Brooks et al. 2011). However, the predicted
sizes of galaxies in numerical simulations are very sensitive to
the details of the sub-resolution prescriptions for star formation
and feedback processes – different implementations of feedback
that all reproduce global galaxy properties (such as stellar mass
functions) can produce galaxies with very different size–mass rela-
tions and morphologies (Scannapieco et al. 2012; ¨Ubler et al. 2014;
Crain et al. 2015; Genel et al. 2015; Schaye et al. 2015; Agertz
& Kravtsov 2016). For example, the EAGLE simulations (Schaye
et al. 2015), which were tuned to reproduce the size–mass rela-
tion for discs at z ∼ 0, appear to be consistent with observational
measurements of the size–mass relation for both star-forming and
MNRAS 473, 2714–2736 (2018)
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quiescent galaxies back to z ∼ 2 (Furlong et al. 2017). However,
the Illustris simulations (Vogelsberger et al. 2014), which did not
use radius as a tuning criterion, produce galaxies that are about
a factor of 2 larger than observed galaxies at a fixed stellar mass
(Furlong et al. 2017; Snyder et al. 2015). Several studies have shown
that various assumptions of the angular momentum partition plus
adiabatic contraction type models (e.g. Mo et al. 1998) are violated
in numerical hydrodynamic simulations (Stevens et al. 2017; Sales
et al. 2009; Desmond et al. 2017). Desmond et al. (2017) showed
that in the EAGLE simulations, galaxy size is almost uncorrelated
with halo spin.
Clearly the validity of the classical angular momentum partition
ansatz contained in equation (2) – that galaxy size is strongly cor-
related with the spin and radius of the host dark matter halo – lies at
the heart of this issue. There are many reasons to expect that there
would not be a simple one-to-one correspondence between the spin
of the cold baryons (stars and cold gas in the interstellar medium) in
galaxies λgalaxy and the spin of the dark matter halo within the virial
radius λh. These can be grouped into two categories: (1) the angular
momentum of the baryons that end up in the galaxy may not be an
unbiased sample of the initial angular momentum of the halo and
(2) angular momentum may be lost or gained by the baryonic com-
ponent during the formation process. With regard to (1), numerical
cosmological simulations have shown that most of the cold gas that
forms the fuel for stars that end up in discs, in particular, is not
accreted from a spherical hot halo in virial equilibrium, but rather
along cold filaments (Brooks et al. 2009). This gas has 2–5 times
more specific angular momentum than the dark matter halo when
it is first accreted into the galaxy (Stewart et al. 2013; Danovich
et al. 2015). Furthermore, after gas has accreted into the disc, a large
fraction of it is ejected again by stellar-driven winds. Low-angular
momentum material is preferentially removed, and ejected gas can
be torqued up by gravitational fountain effects (Brook et al. 2012;
¨Ubler et al. 2014). With regard to (2), angular momentum may be
transferred from the baryonic component to the dark matter halo by
mergers (Hernquist & Mihos 1995; Dekel & Cox 2006; Covington
et al. 2008; Hopkins et al. 2009) or internal processes such as vis-
cosity and disc instabilities (Dekel, Sari & Ceverino 2009; Dekel &
Burkert 2014; Danovich et al. 2015). Zjupa & Springel (2017) find
an overall enhancement of the spin of baryons in galaxies relative
to halo spin of a factor of 1.8 at z = 0 in the Illustris simulations.
A galaxy-by-galaxy comparison of the spin of either the stars or
cold baryons in galaxies with the spin of their host halo shows a very
rough correlation between λgalaxy and λh, but with a scatter of about
two orders of magnitude (Teklu et al. 2015; Zavala et al. 2016). This
correlation is found to depend on galaxy morphology, with λgalaxy
lying systematically below λh for spheroid-dominated galaxies, and
disc galaxies lying around the λgalaxy  λh line (Teklu et al. 2015).
Similarly, Zjupa & Springel (2017) find a halo mass dependence for
the ratio of baryonic to halo spin. Dekel et al. (2013) compute the
ratio of the disc radius to the halo radius rd/Rh for 27 cosmological
zoom-in simulations of moderately massive haloes, finding a mean
value of SRHR = 0.06 at z ∼ 4, declining to 0.05 at z ∼ 2 and 0.04
at z ∼ 1. The 68th percentile halo-to-halo dispersion around these
values is large, around 50 per cent.
Given that the relationship between halo and galaxy angular mo-
mentum is so sensitive to the still very uncertain details of sub-grid
feedback recipes in numerical simulations, it appears useful to in-
vestigate purely empirical constraints on this relationship and its
dependence on galaxy or halo mass and cosmic time. In this pa-
per, we investigate the statistical relationship between the observed
size (stellar half-light or half-mass radius) of galaxies and the in-
ferred size (virial radius) of their dark matter haloes via stellar mass
abundance matching. In analogy to the stellar mass–halo mass rela-
tion (SMHM), we term this the stellar radius–halo radius (SRHR)
relation. We define the quantity SRHR ≡ re/Rh, where re is the half-
mass or half-light radius of the galaxy and Rh is the virial radius
of the halo.2 As we wish to explore the relationship between the
angular momentum of the halo and that of the galaxy, we further de-
fine and investigate the quantity SRHRλ ≡ re/(λRh). As discussed
above, we expect that SRHR and SRHRλ will vary from galaxy to
galaxy. With our approach, we can primarily constrain the median
or average value of these parameters in bins of stellar mass and
redshift. We also make an attempt to constrain the galaxy-to-galaxy
dispersion of these quantities, but this is more indirect.
To achieve this goal, we use the SHAM approach to assign stellar
masses to dark matter haloes from the Bolshoi–Planck dissipation-
less N-body simulation (Rodrı´guez-Puebla et al. 2016b). Using the
observed relationship between stellar mass and radius derived from
observations, we then infer the median or average value of SRHR
and SRHRλ in stellar mass bins. In addition, we can use the con-
ditional size distribution (the distribution of galaxy radii in stellar
mass bins) to place limits on the allowed amount of galaxy-to-
galaxy scatter in SRHRλ. We apply this approach to a sample of
nearby galaxies (z ∼ 0.1) taken from the Galaxy And Mass As-
sembly (GAMA) survey (Driver et al. 2011; Liske et al. 2015), and
also to observational measurements of galaxy radii from the CAN-
DELS survey (van der Wel et al. 2014a, hereafter vdW14) over the
redshift range 0.1 < z < 3. Although there have been several ob-
servational studies of galaxy size evolution at higher redshifts, up
to z ∼ 8 (e.g. Oesch et al. 2010; Huang et al. 2013; Shibuya, Ouchi
& Harikane 2015; Curtis-Lake et al. 2016), we do not attempt to
extend the current study to redshifts greater than three, for several
reasons: we do not have reliable stellar mass estimates, available
light profiles probe the rest-UV, which may not accurately reflect the
radial distribution of stellar mass, and selection and measurement
effects may have a larger impact at these redshifts (Curtis-Lake
et al. 2016).
Kravtsov (2013, K13) used a similar approach based on abun-
dance matching to relate stellar mass to halo mass, and then demon-
strated the surprising result that the observed sizes (half-light radii)
of nearby galaxies were consistent with being on average linearly
proportional to their halo virial radii. Still more surprisingly, he
found that the linear proportionality held, with the same scaling
factor, over many orders of magnitude in mass and size, and for
galaxies of diverse morphology, from dwarf spheroidals and irreg-
ulars to spirals to giant ellipticals.
Recent work by Shibuya et al. (2015) has similarly examined the
relationship between galaxy size and halo size out to high redshift
using abundance matching. Another recent work by Huang et al.
(2017, H17) carries out a related study of galaxy size versus halo
size using the same CANDELS data set used here. Our study is
complementary to these previous works in several respects, and
we discuss these differences in detail, including presenting a direct
comparison with the analysis of H17, in Section 5.
Some of the more important new aspects of our work are as
follows. In this paper, we ‘forward model’, taking haloes from a
cosmological N-body simulation to the observational plane, while
many other studies (e.g. K13; Shibuya et al. 2015; H17) ‘back-
wards model’, taking the observed galaxies to theory space using
abundance matching or by inverting a SMHM relation. As we will
2 Both re and Rh need to be defined more carefully. We discuss this in later
sections.
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show explicitly, backwards modelling can suffer from substantial
biases in the presence of dispersion in the SMHM relation, while
our approach explicitly accounts for that dispersion. In addition, we
carry out our analysis on a local galaxy sample from GAMA and
the high-redshift CANDELS observations in a consistent manner,
while this has not been done in previous studies. Thirdly, we carry
out a detailed comparison with the conditional size distributions in
stellar mass bins, rather than just the mean or median size.
The structure of the remainder of this paper is as follows. In
Section 2, we describe the simulations and SHAM model that we
use. We summarize the observational data sets that we make use
of in Section 3. We present our main results in Section 4. We
discuss the interpretation of our results, and compare our results with
those of other studies in the literature, in Section 5. We summarize
and conclude in Section 6. Two appendices present supplementary
results on observational size–mass relations and definitions of halo
structural parameters.
2 MO D E L S A N D M E T H O D S
We use abundance matching and forward modelling to constrain
the median (or average) relationship between galaxy size and dark
matter halo size. A brief summary of our approach is as follows:
we start with a population of dark matter haloes taken from a dis-
sipationless N-body simulation. We assign stellar masses to each
halo (and sub-halo) using constraints from abundance matching,
including intrinsic scatter in the relationship between stellar mass
and halo mass, and observational errors on observed stellar masses.
We then compare the median observed galaxy size in a stellar mass
bin to the corresponding median halo radius in the same bin. More
details about the simulations and models that we use follow below.
2.1 Simulations and dark matter haloes
We use the redshift z = 0.10 snapshot from the Bolshoi–Planck sim-
ulation (Rodrı´guez-Puebla et al. 2016b) and CANDELS mock light-
cones extracted from the Bolshoi–Planck simulation (Somerville
et al. in preparation). Bolshoi–Planck contains 20483 particles
within a box that is 250 h−1 comoving Mpc on a side, and has a
particle mass of 1.5 × 108 h−1 M	. The Plummer equivalent grav-
itational softening length is 1 h−1 kpc. The Bolshoi–Planck simula-
tions adopt the following values for the cosmological parameters:
m,0 = 0.307, ,0 = 0.693, b,0 = 0.048, h = 0.678, σ 8 = 0.823
and ns = 0.96. These are consistent with the Planck 2013 and 2014
constraints (Planck Collaboration XVI 2014). We adopt these values
throughout our analysis.
Dark matter haloes and sub-haloes have been identified using the
ROCKSTAR algorithm (Behroozi et al. 2013a); many properties
of the haloes in Bolshoi–Planck are presented in Rodrı´guez-Puebla
et al. (2016b). We make use of the halo virial mass, halo virial ra-
dius and halo spin parameter. The Bolshoi–Planck halo catalogues
provide both the ‘Peebles’ and ‘Bullock’ definition of the spin pa-
rameter; we use the Peebles definition (equation 1) unless specified
otherwise but also compare the results of using the Bullock def-
inition. Following Behroozi et al. (2013b), we define halo virial
mass and radius within spherical overdensity vir times the criti-
cal density, where vir is given by the fitting function presented in
equation 6 of Bryan & Norman (1998):
vir = 18π2 + 82x − 39x2, (3)
where x = (z) − 1, with (z) the matter density relative
to the critical density at redshift z. Note that Rodrı´guez-Puebla
et al. (2016b) write vir(z) = (18π2 + 82x − 39x2)/(z) and then
write Mvir = 4π3 virρmR3vir, making it appear that halo mass is de-
fined relative to the average matter density ρm rather than the critical
density ρc(z). However, since ρm(z) = (z)ρc(z), quick inspection
reveals that their expression is equivalent to the original Bryan &
Norman expression with Mvir = 4π3 virρcritR3vir, and indeed equiv-
alent to our definition. See Section 5 for further discussion of the
implications of different halo definitions. We emphasize that the
measurement of the halo spin parameter, halo mass and radius and
the SHAM model used in this work all adopt a consistent set of
cosmological parameters and halo definitions.
2.2 Relating (sub-)haloes to galaxies
We make use of results from the well-established technique of
SHAM to assign stellar masses to each halo and sub-halo in the
Bolshoi–Planck catalogues. We show several recent SMHM rela-
tions derived from SHAM at several relevant redshifts in Fig. 1.
This figure illustrates the differences in the SMHM derived by two
different sets of authors (Rodriguez-Puebla et al. 2017 and Behroozi
et al. in preparation, hereafter RP17 and B17, respectively) based
on the same underlying (sub)-halo distributions. Differences can
arise from the choice of observations used to constrain the SHAM,
as well as details of the methodology. Note that the analysis of
Behroozi et al. (2013b) was based on the original Bolshoi simu-
lations, rather than Bolshoi–Planck, and adopts slightly different
cosmological parameters than those used by RP17 and B17. The
difference in cosmological parameters explains why the Behroozi
et al. (2013b) SMHM relation is slightly higher at z  1 than those
derived by RP17 and B17. The difference between the RP17 and
B17 SMHM at large halo masses mainly arises from the use of
different observational determinations of the stellar mass function.
We can see from Fig. 1 that for the stellar mass range on which we
focus in our study (m∗  109 M	), galaxies are hosted by haloes
that are well resolved in the Bolshoi–Planck simulations, with at
least several thousand particles within the virial radius.
The SMHM relation has dispersion both due to intrinsic scatter
in the relation, and due to observational stellar mass errors. Fol-
lowing RP17, we adopt an intrinsic scatter of σ h = 0.15 dex and
a scatter due to observational stellar mass measurement errors of
σ ∗ = 0.1 + 0.05z, where z is redshift. These choices are consistent
with the constraints summarized by Tinker et al. (2017). Opera-
tionally, we assign 〈log m∗(Mh)〉 from equations 25–33 of RP17,
then add to this number a Gaussian random deviate with standard
deviation σT = (σ 2h + σ 2∗ )1/2. For halo mass, we use the maximum
mass along the halo’s history, as in RP17. For distinct (non-sub)
haloes, this is generally equivalent to the standard virial mass, while
for sub-haloes, this has been shown to produce better agreement
with clustering measurements. We assume that satellite galaxies
obey the same SMHM relationship as central galaxies. While this
may not be precisely correct (Zheng et al. 2005), the great majority
of galaxies in the mass range we study are central galaxies, so our
results should not be very sensitive to this assumption.
Consistency with observed clustering measurements is an im-
portant check of SHAMs. A similar SHAM has been shown to
be consistent with clustering measurements by Rodrı´guez-Puebla
et al. (2015), and the updated RP17 SHAM is also consistent with
observed galaxy two-point correlation functions from z ∼ 0.1 to 1
(Rodriguez-Puebla, private communication).
With stellar masses assigned to each of our haloes, we can
then use a simple but robust approach to constrain the median
MNRAS 473, 2714–2736 (2018)
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Figure 1. Stellar mass versus halo mass relation derived from abundance matching, shown at several different redshifts as indicated in the panels. The black
solid line shows the relation from Rodriguez-Puebla et al. (2017), which is the fiducial relation used in this work. The blue dot–dashed line and grey dashed
line show the relations derived by Behroozi et al. (in preparation) and Behroozi et al. (2013b), respectively.
relationship between galaxy size and halo size. We bin our SHAM
sample in stellar mass and compute the medians of the halo ra-
dius 〈Rh(m∗)〉 and spin times halo radius 〈λRh(m∗)〉. Similarly,
we compute the median observed galaxy size in the same stel-
lar mass bins, 〈re(m∗)〉. We then obtain SRHR = 〈re〉/〈Rh〉 and
SRHRλ = 〈re〉/〈λRh〉. We use medians as our default, but also
repeat our analysis using means, finding qualitatively similar con-
clusions.
We note that a distinction is frequently made between spheroid-
and disc-dominated galaxies, or star-forming and quiescent galax-
ies, in discussing their sizes. Some previous studies (e.g. K13, H17)
present results for the relationship of galaxy size to halo size for sam-
ples of different galaxy types, using a common abundance match-
ing relation. We make a deliberate choice not to divide galaxies by
type in our study, as there is strong evidence that star-forming/dis-
dominated galaxies and quiescent/red galaxies have significantly
different SMHM relations (e.g. Rodrı´guez-Puebla et al. 2015).
Moreover, it is possible that disc- and spheroid-dominated galaxies
may arise from haloes with different spin parameter distributions.
In order to avoid making assumptions about possible differences
in the properties of haloes that host different types of galaxies, we
simply compute our results in stellar mass bins.
Another interesting issue is whether the size–mass relation for
galaxies depends on the larger scale environment (e.g. on scales
larger than the halo virial radius). Similarly, looking into this issue
requires knowledge of whether the SMHM relation is universal or
depends on environment. We intend to investigate this is future
works.
3 O B S E RVAT I O NA L DATA
3.1 GAMA
To characterize nearby galaxies, we make use of the catalogues from
Data Release 2 (DR2) of the GAMA survey ( Liske et al. 2015),
covering 144 deg2. GAMA is an optically selected, multiwavelength
survey with high spectroscopic completeness to r < 19.8 mag (two
magnitudes deeper than the Sloan Digital Sky Survey; SDSS). We
make use of stellar mass estimates from Taylor et al. (2011), and
structural properties (semimajor axis half-light radius and Se´rsic
parameter) from the analysis of Kelvin et al. (2012) using the GALFIT
code (Peng et al. 2002). We restrict our sample to a redshift range
0.01 < z < 0.12 and require r-band GALFIT quality flag = 0 (good fits
only). In addition, we discard galaxies with Se´rsic index ns < 0.3
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or n > 10, as these are typically signs of unreliable fits, and we also
exclude galaxies with sizes re < 0.5 FWHM. The full width at half-
maximum (FWHM) is set by the seeing of SDSS, for which we adopt
an average value of 1.5 arcsec. We adopt the results of structural fits
in the observed r band (due to the relatively small redshift range
probed by GAMA, k-corrections should not be needed). After these
cuts, we have 13 771 galaxies in our GAMA sample.
3.2 CANDELS
CANDELS is anchored on HST/WFC3 observations of five widely
spaced fields with a combined area of about 0.22 deg2. An overview
of the survey is given in Grogin et al. (2011) and Koekemoer
et al. (2011). The data reduction and cataloging for each of the
fields is presented in Nayyeri et al. (2017, COSMOS), Stefanon
et al. (2017, EGS), Barro et al. (in preparation, GOODS-N), Guo
et al. (2013, GOODS-S) and Galametz et al. (2013, UDS). The pri-
mary CANDELS catalogues are selected in F160W (H band), and
CANDELS has a rich ancillary multiwavelength data set extending
from the radio to the X-ray (see Grogin et al. 2011 for a sum-
mary). Photometric redshifts have been derived as described in
Dahlen et al. (2013). We make use of the zbest redshift from the
CANDELS catalogue, which selects the best available redshift es-
timate from spectroscopic, 3D-HST grism based, and photometric
redshifts. Stellar masses are estimated by fitting the spectral energy
distributions as described in Mobasher et al. (2015), with further
details for each field given in Santini et al. (2015) for GOODS-S
and UDS, Stefanon et al. (2017) for EGS, Nayyeri et al. (2017) for
COSMOS and Barro et al. (in preparation) for GOODS-N. The stel-
lar masses were derived assuming a Chabrier (2003) stellar initial
mass function.
Structural parameters were derived using GALFIT as described
in van der Wel et al. (2012). The fits were done using a single-
component Se´rsic model. The effective radius that we use is the
semimajor axis of the ellipse that contains half of the total flux of
the best-fitting Se´rsic model. We select CANDELS galaxies with
apparent magnitude H160 < 24.5, PHOTFLAG=0 (good photome-
try), 0 < zbest ≤ 3.0, GALFIT quality flag = 0 (good fits) and stellarity
parameter CLASS_STAR <0.8. We discard galaxies with relative
size errors greater than a factor 0.3. There are 49 241 galaxies in the
catalogue with H160 < 24.5 and 0 < zbest ≤ 3.0. Adding the pho-
tometry and stellarity criteria brings the number down to 45 015.
The GALFIT quality cut further reduces the number to 38 610, and the
error clipping to 28 840. Note that we have repeated our analysis
without clipping the size errors, and using a magnitude limit of 25.5.
Our results do not change significantly.
In this work, we use the sizes measured from the observed H160
image, and apply structural k-corrections to convert to rest-frame
5000 Å sizes. We apply the redshift and stellar mass dependent cor-
rection for ‘late-type’ galaxies given by vdW14 (their equation 1)
to galaxies with Se´rsic index ns < 2.5, and apply a constant correc-
tion log Reff/log λeff = −0.25 to galaxies with ns > 2.5 (again
following vdW14, for ‘early-type’ galaxies). Although vdW14 use
a UVJ colour cut, rather than Se´rsic index, to divide early- and
late-type galaxies, and use sizes derived from the J125 image rather
than the H160 one at z < 1.5, we have confirmed that when we
follow exactly the same procedure as vdW14, we get results that
are indistinguishable for the purposes of this paper (these alternate
choices were adopted simply for convenience). Moreover, as we
show later, our results for the size–mass relation of galaxies from
3  z  0.2 are in very good agreement with the published size–
mass relations from vdW14 and with the independent analysis of
H17. Basic estimates of the redshift and colour-dependent stellar
mass completeness limits are given in vdW14. It is important to
keep in mind that our sample may be somewhat incomplete in the
three highest redshift bins. We carry out a more detailed assessment
of the magnitude, size, colour, and Se´rsic-dependent completeness
of the CANDELS sample in Somerville et al. (in preparation).
We convert the GAMA and CANDELS angular half-light radii
to physical kpc using the same cosmological parameters quoted
above (all sizes in this work are in physical, rather than comoving,
coordinates).
3.3 Converting from projected light to 3D stellar mass sizes
The radii that we obtain from the GAMA and CANDELS cata-
logues described above are projected (2D) half-light radii in the
rest-frame r or V band (approximately). We can simply relate
this quantity directly to halo properties such as virial mass and
virial radius, which is useful empirically. However, in order to gain
more insight into the physical meaning of these relationships, it is
useful to attempt to convert these sizes into 3D, stellar half-mass
radii.
For simplicity, we assume that the projection from 3D to 2D and
the correction from rest-frame optical light to stellar mass can be
written as two separate terms,
re,obs = fp fk r∗,3D, (4)
where re,obs is the observed (projected) effective radius of the light in
a fixed rest-frame band along the semimajor axis, and r∗,3D is the 3D
half-mass radius of the stellar mass distribution. The factor fp cor-
rects for projection and fk accomplishes the structural k-correction.3
For a face-on razor thin, transparent disc, fp = 1. For a spheroid,
fp = 0.68 for a de Vaucouleurs profile (ns = 4) and fp = 0.61 for
an exponential profile (ns = 1; Prugniel & Simien 1997). For thick
discs or flattened spheroids, fp would be intermediate between these
values. Clearly, the dependence of fp on galaxy shape could intro-
duce an effective dependence of re,obs/r∗,3D on stellar mass and/or
redshift, as the mix of galaxy shapes depends on both of these quan-
tities (van der Wel et al. 2009, 2014b). van der Wel et al. (2014b)
showed that the fraction of elongated (prolate) galaxies increases
towards higher redshifts (up to z ∼ 2) and lower masses, such that
at z ∼ 1, at least half of all galaxies with stellar mass 109 M	
are elongated. This is also seen in numerical hydrodynamic simu-
lations (Ceverino, Primack & Dekel 2015). Dust could also affect
the relationship between 3D and projected radius.
Regarding the structural k-corrections, Dutton et al. (2011b)
quote fk ∼ 1.3 for low-redshift discs in the V band. Szomoru et al.
(2013) compute stellar mass distributions using a single colour,
for a sample of a couple hundred galaxies with HST observations
as well as some nearby galaxies from SDSS, covering a redshift
range 0 < z < 2.5. They find average corrections in the rest g-band
log (r∗/rg) ∼ −0.12 at z = 0, −0.14 at 0.5 < z < 1.5 and −0.10
at 1.5 < z < 2.5. They did not find any strong trends with redshift,
galaxy morphology or specific star formation rate (sSFR) although
again their sample was small. They saw hints of smaller values of
log (r∗/rg) for high Se´rsic, quiescent galaxies.
Wuyts et al. (2012) computed stellar mass distributions using
pixel-by-pixel SED fitting with an earlier release of CANDELS/3D-
3 That is, the conversion from the size in one wavelength to that in another
wavelength. We use this term in a general sense to also refer to the conversion
from the half-light radius to the half stellar mass radius.
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HST. They show distributions of re for rest V-band light and for
stellar mass in two redshift bins: 0.5 < z < 1.5 and 1.5 < z < 2.5.
They find that the distribution of half-mass radii is shifted by 0.1–
0.2 dex with respect to that of the half-light radii. There does not
seem to be evidence for strong redshift evolution, and they do not
discuss any dependence on galaxy mass or type.
Lange et al. (2015) discuss the change in size from u through K
band for the GAMA sample. To first order one can assume that the
stellar mass effective radius is the same as the K-band light effective
radius. From g to K band, Lange et al. (2015) find a decrease in radius
of 16 per cent at m∗ ∼ 109 M	 and 13 per cent at m∗ ∼ 1010 M	
for ‘late-type’ galaxies. For ‘early-types’, they again find 13 per cent
at m∗ ∼ 1010 M	 and 11 per cent at m∗ ∼ 1011 M	. So again, they
find weak dependence of fk on type and stellar mass. In summary,
values of fk in the literature range from ∼1.12 to 1.5. Values are
perhaps slightly smaller for quiescent/early-type galaxies, but there
does not seem to be evidence for a strong trend with mass or redshift.
For purposes of this work, we adopt a rough best guess value
of (fpfk)disc = (1 ∗ 1.2) = 1.2 for discs, and (fpfk)spheroid = (0.68
∗ 1.15) = 0.78 for spheroids. To get a rough idea for how these
corrections might affect our results, we apply (fpfk)disc to estimate
r3D,∗ for galaxies with Se´rsic index ns < 2.5, and use (fpfk)spheroid
for galaxies with ns > 2.5. Although it is known that there is not
a perfect correspondence between galaxy shape and Se´rsic index,
this at least gives us a first approximation for how the dependence
of galaxy type on stellar mass and redshift might affect the trends
we wish to study.
For reference, we show the observed (projected light) size–mass
relations and our derived 3D stellar half-mass radius relations for
both the GAMA and CANDELS samples in Figs A1 and A2. A
comparison between the observational size–mass relations used in
this work and the literature is discussed in Appendix A.
Lastly, we note that for a thin exponential disc, the scale ra-
dius rd given in equation (2) is related to the half-mass radius via
r1/2 = 1.68rd.
4 R ESULTS
4.1 Results from the GAMA survey at z = 0.1
Fig. 2 shows the size–mass relation at z = 0.1 from the GAMA
survey, compared with the SHAM assuming re = 0.5λRh. Note that
Lange et al. (2015) show that a stellar mass limit of 2.5 × 109 M	
yields a colour-unbiased, 97.7 per cent complete sample out to the
adopted redshift limit. This limit is indicated in Fig. 2 by the ver-
tical line. It is somewhat remarkable how well a mass-independent
value of SRHRλ reproduces the average size–mass relation over
many orders of magnitude in stellar mass. This result reproduces
and confirms the results already presented by K13. The median
value of the spin parameter in Bolshoi–Planck is 〈λ〉 = 0.036, so
SRHRλ = 0.5 corresponds to re/Rh = 0.018 which is fairly close
to the value found by K13 (re/Rh = 0.015). Also note the steeper
slope of the scaling relation between halo virial mass and halo virial
radius, compared to the observed size–mass relation for galaxies.
In this simple model, the change in slope is entirely due to the slope
of the SMHM relation.
In Fig. 3, we show the ratio of the median observed size in a
stellar mass bin to the median value of Rh or λRh in that same
bin, again using the SHAM to link halo mass to stellar mass. We
also show the same quantity for the estimated de-projected stellar
half-mass radii. This is simply another way of showing the results
already seen above: SRHR and SRHRλ are nearly independent of
Figure 2. The relationship between stellar mass and effective radius at
z ∼ 0.1. The green dashed lines show the median and 16 and 84th percentiles
in bins of stellar mass for the SHAM model, assuming re = 0.5λRh. The
black stars and lines show the median and 16 and 84th percentiles of the
3D half stellar mass radius for the GAMA z = 0.1 sample. The horizontal
dashed line shows the minimum size of galaxies that can be resolved at the
upper redshift limit of the GAMA sample used here. The dashed vertical
line shows the 97.7 per cent stellar mass completeness limit for the GAMA
sample. The dark green dashed line shows the scaling relation for halo virial
mass and halo virial radius (both scaled down by a factor of 10), illustrating
that the size–mass relation for haloes has a much steeper slope than that for
galaxies.
stellar mass and have values of approximately SRHR = 0.018 and
SRHRλ = 0.5. The apparent decrease in the value of SRHR or
SRHRλ towards larger stellar masses appears to be mitigated by the
correction from projected to 3D size. We note that, as found in many
previous studies, we do not see any significant dependence of the
spin parameter λ on halo mass in the Bolshoi–Planck simulations.
Fig. 4 shows the conditional size distributions (for observed half-
light radii) in stellar mass bins for the GAMA sample. We have
applied a standard Vmax completeness correction, as GAMA starts
to become incomplete below stellar masses of about 1010 M	.
We show the size distributions separately for galaxies with Se´rsic
ns < 2.5, which should correspond approximately to disc-dominated
galaxies, and with Se´rsic ns > 2.5, which should be spheroid dom-
inated. We show this to emphasize that in the lowest stellar mass
bins we consider, the distribution is dominated by ns < 2.5, pre-
sumably disc-dominated galaxies, while in the highest stellar mass
bins shown, the distribution is dominated by ns > 2.5 spheroid-
dominated galaxies. The fraction of galaxies in the bin with ns < 2.5
is shown in each panel.
Fig. 5 shows the conditional size distributions P(re|m∗) in stellar
mass bins from GAMA (using the corrected 3D stellar half-mass
radii), compared with the corresponding distributions of P(Rh|m∗)
and P(λRh|m∗) in stellar mass bins from the SHAM. The distri-
bution P(λRh|m∗) in the SHAM is very close to lognormal, as is
well known to be the case for the spin parameter in cosmological
simulations (e.g. Bullock et al. 2001). In the lower stellar mass bins
(log (m∗/M	) 10.8, the distribution of P(Rh|m∗) is narrower than
the observed distribution P(re|m∗), while the dispersion in the distri-
bution P(λRh|m∗) matches the observed dispersion in P(re|m∗) quite
well. In the higher stellar mass bins, the dispersion in P(Rh|m∗) is
already as large as the dispersion in P(re|m∗), while the dispersion
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Figure 3. Results from the GAMA survey at z = 0.1. Left-hand panel: Median galaxy radius divided by the median value of the halo virial radius (SRHR). Filled
green circles show SRHR for the observed (projected) r-band half-light radius re. The dashed vertical line shows the 97.7 per cent stellar mass completeness
limit for the GAMA sample. Black star symbols show the SRHR for the estimated 3D stellar half-mass radius (r∗,3D). Right-hand panel: Median galaxy radius
divided by the median value of the spin parameter times the halo virial radius (SRHRλ). Black stars show the fiducial results, while red crosses show the results
we would obtain if we did not include scatter in the SMHM relation. It is striking that the ratio between galaxy size and halo size remains so nearly constant
over a wide range in stellar mass.
Figure 4. Distribution functions in bins of stellar mass for the (2D) effective radius in the GAMA survey. The black solid lines show the distribution for
all galaxies, the blue dotted lines show disc-dominated (ns < 2.5) galaxies, and the red dashed lines show spheroid-dominated (ns > 2.5) galaxies. The blue
number in the upper left corner of each panel indicates the fraction of galaxies in that mass bin that are disc dominated (ns < 2.5).
in P(λRh|m∗) is larger than the observed dispersion. We discuss the
interpretation of this result further in Section 5.4.3.
4.2 Results from the CANDELS survey at 0.1 < z < 3.0
We now investigate constraints on the dependence of SRHR and
SRHRλ on stellar mass at different cosmic epochs. To do this, we
use the same SHAM approach, applied to mock CANDELS light-
cones extracted from the Bolshoi–Planck simulation. We consider
redshift bins 0.1–0.5, 0.5–1.0, 1.0–1.5, 1.5–2.0, 2.0–2.5 and 2.5–3.0.
Fig. 6 shows SRHR, the ratio of median observed effective radius
re or de-projected half stellar mass radius r∗,3D to the median value
of Rh in stellar mass bins, for these six redshift bins. At z = 0.1, we
found that SRHR is nearly constant across the full range of stellar
masses considered in our analysis. However, SRHR seems to gain
a stronger dependence on stellar mass as we move towards z ∼ 3,
with more massive galaxies having lower values.
Fig. 7 shows SRHRλ, the ratio of median de-projected stellar
mass weighted radius r∗,3D to the median value of λRh in stellar
mass bins, for six redshift bins as before. We show results for both
definitions of spin parameter (Peebles and Bullock). We can see that
any conclusions about the evolution of SRHRλ depend to a signif-
icant degree on which spin definition is adopted, although trends
with stellar mass are not affected. This is because in the Bolshoi–
Planck simulations, the Peebles and Bullock spin parameters evolve
differently with cosmic time (as shown by Rodrı´guez-Puebla et al.
(2016b) and in Appendix B of this paper). We discuss the possible
reasons for the different evolution of the two definitions of spin
parameter in Section 5.1.2 and in the appendix.
In Fig. 8, we plot our results for SRHR and SRHRλ for two bins
in stellar mass ∼1010 M	 and ∼1011 M	 as a function of cosmic
time since the big bang. We again show our results for SRHRλ
for both definitions of the spin parameter (Peebles and Bullock).
For galaxies with m∗  1010.5 M	, when using the Peebles spin,
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Figure 5. Conditional probability distributions for effective radius in bins of stellar mass, at z ∼ 0.1. Stellar mass bins increase from left to right and top to
bottom, as indicated in the panel labels. Black solid lines show the distribution of estimated 3D half stellar mass radius (r3D,∗) from the GAMA observations.
Green dashed lines show distributions of SRHRλ(λRh) from the SHAMs using a constant value of SRHRλ = 0.5. Dark green dotted lines show distributions
of SRHR Rh. This result places limits on the galaxy to galaxy dispersion in SRHR and SRHRλ.
Figure 6. The median observed radius in a stellar mass bin divided by the median value of halo radius Rh, from z ∼ 0.1 to 3 (the values indicated in each
panel are the volume mid-points of each bin). Filled circles (grey) and stars (black) show results for the observed (projected) half-light radius re and the 3D
half stellar mass radius (r3D,∗). The dotted horizontal grey line shows the average z = 0.1 value of SRHR from our analysis of the GAMA survey. SRHR has a
stronger dependence on stellar mass in the higher redshift bins, and we see hints of a mild decrease of SRHR with cosmic time.
SRHRλ declines by about a factor of 1.8 over the redshift range
of our study. Using the Bullock definition of spin, SRHRλ in this
mass range is consistent with being constant in time. For more
massive galaxies, SRHRλ is nearly constant, or increases slightly,
over cosmic time within the CANDELS sample. The value of SRHR
and SRHRλ derived from GAMA at z ∼ 0.1 is about a factor of
1.4 lower than the CANDELS results from the lowest redshift bin.
This suggests that there may be a systematic offset between the size
or stellar mass estimates in GAMA and CANDELS for massive
galaxies.
We now investigate the conditional distributions of galaxy radius
in stellar mass bins out to z ∼ 3. Fig. 9 shows the conditional size
distributions in bins of stellar mass and redshift from CANDELS.
Note that this diagram is similar to Fig. 10 of vdW14, and the results
appear similar, although here we show the estimated deprojected
stellar half-mass radii rather than the projected half-light radii. We
also show conditional distributions of the quantity SRHRλ × (λRh)
from the SHAM, where we have used the redshift and stellar mass
dependent values of SRHRλ derived above, and shown in Fig. 7,
to shift the median of the SHAM distribution to match that of the
MNRAS 473, 2714–2736 (2018)
D
ow
nloaded from
 https://academ
ic.oup.com
/m
nras/article-abstract/473/2/2714/4103553 by G
hent U
niversity user on 09 O
ctober 2018
Relating galaxy size to halo size 2723
Figure 7. The median observed radius in a stellar mass bin divided by the median value of halo radius Rh times halo spin (SRHRλ), from z ∼ 0.1 to 3 (the
values indicated in each panel are the volume mid-points of each bin). Here, we use the 3D half stellar mass radius (r3D,∗). Green symbols show the results
using the Peebles spin definition, and purple show the results using the Bullock spin. The dotted horizontal grey line shows the average z = 0.1 value of SRHRλ
from our analysis of the GAMA survey.
observed distributions. In this way, we can compare the shape and
width of the distributions in detail. As before, the SHAM distri-
butions and their dispersions match the observed conditional size
distributions remarkably well. We show here the results for the Pee-
bles definition of the spin parameter, but the distribution shapes are
very similar for the Bullock definition. We discuss the significance
of these results in Section 5.4.3.
5 D ISC U SSION
In this section, we discuss the main caveats and uncertainties in
our analysis, compare the ‘forward’ and ‘backwards’ modelling
approaches, compare our results and conclusions with those of pre-
vious studies, and discuss possible physical interpretations of our
results. Some readers may wish to skip directly to Section 5.4 for
the discussion of the physical interpretation of our results.
5.1 Main caveats and uncertainties
Our analysis makes use of, on the one hand, observational estimates
of galaxy stellar mass, redshift and radial size (and, secondarily,
morphological type), and on the other, predictions of the mass, ra-
dius and spin parameters of dark matter haloes from a cosmological
simulation.
5.1.1 Halo properties and SMHM relation
There are several important caveats to note regarding the halo prop-
erties and SMHM relation. First, the halo masses, virial radii and
spin parameters are taken from dissipationless N-body simulations,
which do not include the effect of baryons on halo properties. Stud-
ies that do include baryons and the associated feedback effects
have shown that baryonic processes can modify the virial mass and
spin parameter of dark matter haloes by up to 30 per cent (Munshi
et al. 2013; Teklu et al. 2015) and the magnitude of these effects
may depend on halo mass. Therefore, the actual ratio of galaxy size
to halo size and spin parameter may differ from the values quoted
here.
Second, specific properties of dark matter haloes such as mass,
radius and spin parameter depend on the definition used. See
Appendix B for a detailed description and illustration of different
halo mass, radius and spin definitions.
How would our results change had we adopted a different halo
definition? The halo definition impacts several aspects of our cal-
culation. Recall that we have used the definition Mvir,crit as given in
Section 2. Haloes with a fixed value of M200,crit are less abundant
(have a lower volume density) than haloes with the same numerical
value of Mvir,crit. Similarly, haloes with a fixed value of Mvir,crit are
less abundant than haloes with the same numerical value of M200,b.
This means that galaxies with a given stellar mass (and observed
number density) will be assigned larger and larger halo masses de-
pending on the halo definition used, from M200,crit → Mvir,crit →
M200,b → Mvir,b. Moreover, the virial radius for a given halo mass
increases as we go from M200,crit → Mvir,crit → M200,b → Mvir,b.
Since re for a given m∗ is fixed by the observed relation, all of this
implies that re/Rh would be largest for the M200,crit definition and
smallest for the Mvir,b definition. Our favoured definition is in the
middle. Furthermore, we expect λ to increase slightly as we go from
M200,crit → Mvir,crit → M200,b → Mvir,b. This means the difference
in re/(λRh) will be even a bit larger from one halo definition to
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Figure 8. Time evolution of SRHR and SRHRλ, the ratio between median r∗,3D and Rh or λRh, for two different stellar mass bins: 109.75 M	 < m∗ <
1010.25 M	 (left; filled) and 1010.75 M	 < m∗ < 1011.25 M	 (right; filled). Top row: SRHR. Middle row: SRHRλ using the Peebles spin definition; bottom
row: SRHRλ using Bullock spin. The ratio of the mean quantities is shown by the open symbols – using means instead of medians results in slightly different
numerical values, but does not change any of the trends.
another. To accurately fully estimate the effects of changing the
halo definition, we would need to redo the abundance matching and
remeasure λ consistently for each definition, which is beyond the
scope of this paper. However, a crucial point is that we have been
very careful to use a consistent halo mass definition in all aspects
of our study.
The choice of halo definition is in some sense arbitrary. Yet, one
can ask which definition is the most physically relevant for tracking
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Figure 9. The conditional probability distribution for effective radius re in bins of stellar mass and redshift. Grey solid lines show the distributions of the
estimated 3D half stellar mass radii (r∗,3D) from CANDELS. Vertical grey lines show the physical size corresponding to one F160W pixel in the drizzled
image (0.06 arcsec), at the lower and upper limit of the redshift bin. Green dashed lines show distributions P(λRh|m∗) from the SHAM (using the Peebles spin
definition). The SHAM distributions have been shifted horizontally to match the medians of the observed distributions, to emphasize the comparison of the
shapes of the distribution functions.
quantities that are relevant to galaxy formation, such as the accretion
rate of gas into the halo. Some recent works that examined structure
formation in dark matter only simulations have pointed out that
defining the halo relative to an evolving background density leads to
apparent growth of the halo mass even as the physical density profile
of the interior of the halo remains unchanged, an effect that has
been termed ‘pseudo-evolution’ (Busha et al. 2005; Diemer, More
& Kravtsov 2013). This suggests that this mass growth should not be
associated with physical accretion of matter into the halo. However,
some more recent studies that have examined simulations including
baryonic physics find that the accretion rate of gas into the central
part of haloes (on to forming galaxies) tracks the growth of the virial
radius quite well (Dekel et al. 2013; Wetzel & Nagai 2015). This
implies that while pseudo-evolution is a relevant concept for dark
matter, not so for baryons, which can shock and cool. The work
of both Dekel et al. (2013) and Rodrı´guez-Puebla et al. (2016a)
support the physical relevance of the halo mass definition adopted
here, and it is quite similar to the 200 times background definition
that was found to trace gas accretion by Wetzel & Nagai (2015).
Another important caveat is the adopted SMHM relation, which
plays a critical role in our analysis. As already noted, the abun-
dance of dark matter haloes as a function of their mass depends on
the halo mass definition, but it also depends on the method used
to identify haloes and sub-haloes in the N-body simulation. The
cumulative halo mass function at z = 0 differed by ±10 per cent
across the 16 halo finders tested in Knebe et al. (2011). How-
ever, much larger differences between different halo finders can
arise at high redshift (Klypin, Trujillo-Gomez & Primack 2011).
Phase-space-based methods such as the ROCKSTAR halo finder
used here tend to be the most robust (Knebe et al. 2011). In deriv-
ing the SMHM relation, there are also subtleties regarding how
sub-haloes are treated: whether to use their properties at infall
or at the time they are identified (these can differ substantially
due to tidal stripping), and whether sub-haloes/satellites obey the
same SMHM relation as central galaxies. As noted above, sub-
haloes/satellites should be sufficiently sub-dominant in our sam-
ple that these details will not have a large impact on our re-
sults.
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Figure 10. A test of the accuracy of recovering halo mass and radius estimates from backwards modelling, based on applying this method to a mock catalogue
in which the true halo masses and radii are known. Different panels show the results from mock catalogues created with different SHAM models, as indicated
on the panels. The left column shows the difference between the log of the halo mass estimated by backwards modelling and the log of the true halo mass,
and the right-hand panels show the ratio of estimated to true halo virial radius. Red lines indicate equality, solid black lines show the medians, medium grey
dashed lines show the 16th and 84th percentiles and light grey dashed lines show the 2nd and 98th percentiles. The median recovered halo mass and radius
is fairly accurate below the ‘turnover’ in the SMHM relation slope, but above this critical mass, the errors can become very large. The error in recovering the
halo mass depends on the slope of the SMHM relation and the scatter in the SMHM relations due to intrinsic dispersion and stellar mass errors.
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The main reason for systematic differences between SMHM re-
lations quoted in the literature is in fact the lack of convergence
between different observational determinations of the stellar mass
function. This is most acute for very massive nearby galaxies
(Bernardi et al. 2013; Kravtsov, Vikhlinin & Meshscheryakov 2014)
and also at high redshift – even at z ∼ 1 there is a lack of convergence
regarding the low-mass slope of the stellar mass function (see e.g.
Moster et al. 2010). The SMHM relation used in this work is based
on a very recent and complete compilation of stellar mass func-
tions, and adopts the same cosmological parameters as in our work.
We have confirmed that when we apply the RP17 SMHM relation
with our adopted scatter to our halo catalogues, we reproduce the
GAMA stellar mass function at z = 0.1 and the CANDELS stellar
mass functions at z ∼ 0.1–3. As we showed in Fig. 1, several recent
determinations of the SMHM relation are in good agreement over
the mass range relevant to our study (109  m∗  1011 M	). We
further note that the differences between the RP17 and B17 z = 0.1
SMHM relation seen in Fig. 1 do not significantly affect our results,
because we focus on galaxies less massive than a few 1011 M	,
where the differences are small. However, adopting a larger scatter
in the SMHM relation leads to larger values of SRHR at high stellar
masses (m∗  1010.5), as more galaxies hosted by lower mass haloes
are scattered into these bins.
5.1.2 Definition of halo spin parameter
We have seen that our results for the evolution of SRHRλ are quite
different for two commonly used definitions of the spin parameter
λ. As shown by Rodrı´guez-Puebla et al. (2016b), at z = 0 the
distributions of λB and λP peak at nearly the same value, but λB has
a more pronounced tail to larger values (see fig. 21 of Rodrı´guez-
Puebla et al. 2016b). However, λP increases from z ∼ 3 to 0, while
λB decreases slightly over this interval. Very similar results are
shown in a recent analysis of the Illustris simulations by Zjupa &
Springel (2017). This explains why we found milder evolution in
SRHRλ when using the Bullock definition λB.
We discuss possible reasons for the different behaviour of λP and
λB in Appendix B. We conclude that this is likely due to a combi-
nation of changing halo density profiles (concentration), deviation
of haloes from perfect spheres, and/or changes in halo kinematics
(deviation from circular orbits). This brings up further concerns
regarding the basis of simple analytic models of disc formation,
which assume that all halo particles are on circular orbits.
Which definition of halo spin is more physically relevant to the
question at hand, namely galaxy sizes? We feel that this is not
currently clear. In some sense, the Peebles definition appears to
capture some real and potentially relevant evolution in halo struc-
ture and kinematics. Moreover, it is the Peebles definition of λ that
properly comes in to somewhat more sophisticated analytic models
of disc formation (e.g. Mo et al. 1998; Somerville et al. 2008b),
i.e. equation (6) below. Zjupa & Springel (2017) find that the Pee-
bles definition is more robust than the Bullock definition for haloes
defined by the friends-of-friends method. The relevance of either
quantity to observed galaxy sizes should be explored further using
detailed numerical simulations of galaxy formation, but the poten-
tially significant differences between these two definitions should
be kept in mind.
5.1.3 Observational measurements
Analogous to the problem of defining a halo, there is no unique way
to define the total amount of light within a galaxy, as galaxies do not
have sharp edges. This necessarily leads to an ambiguity in how the
half-light radius is defined, as it is defined relative to the total amount
of light. Commonly used metrics include isophotal magnitudes (and
sizes), Petrosian or Kron magnitudes and sizes, model magnitudes
and sizes, and the curve-of-growth method (Bernardi et al. 2014;
Curtis-Lake et al. 2016). Here, we have used model sizes, where
the model is a single component Se´rsic profile. Some galaxies are
not well fitted by a single component Se´rsic profile, and one might
expect our method to do poorly in these cases. In the local Universe,
the largest discrepancy in total luminosity, stellar mass and size is for
very massive giant elliptical galaxies (Bernardi et al. 2013, 2014).
Our CANDELS sample is dominated by lower mass galaxies, so
that part of our analysis should not be greatly affected by these
objects. Model fitting based sizes can also be sensitive to the local
background used in the fitting, and to the seeing or point spread
function of the image. We adopted the GAMA sample for our study
because the methods used to estimate stellar masses and sizes were
as similar to those used for CANDELS as any low-redshift sample
of which we are aware. In both GAMA and CANDELS, sizes are
estimated using the same code (GALFIT) and single component Se´rsic
fitting.
Another important note is that some studies (e.g. Shen et al. 2003;
Shibuya et al. 2015) have used circularized radii (re,circ ≡ q1/2 re,major
where q is the projected axial ratio), rather than semimajor axis radii.
Because galaxy axial ratios can depend on stellar mass and redshift,
this could lead to different conclusions.
Further uncertainties come from the conversion from observed,
projected (2D) radii to physical 3D radii, which depends on the
shape of the galaxy (flat versus spheroidal). Again, this is probably
correlated with stellar mass and may vary with cosmic time. We
have attempted to make a crude correction for these dependencies
but this should be improved. In a similar vein, we used the empirical
corrections of vdW14 to correct from observed-frame H160 size
to rest-frame 5000 Å size, and then further attempted to convert
from observed rest-frame 5000 Å half-light radius to stellar half-
mass radius. The mass, redshift, and type dependences of these
corrections also remain uncertain and poorly constrained. It should
be possible to better account for this in the future by doing pixel-by-
pixel SED fitting to measure stellar mass profiles (Wuyts et al. 2012).
5.2 Beware backwards modelling
In the approach used here, we start from an ensemble of dark matter
haloes and sub-haloes from theoretical cosmological simulations,
and apply empirical relations to map halo mass to stellar mass.
We refer to this approach as ‘forward modelling’. An alternative
approach, sometimes used in the literature, is what we refer to as
‘backwards modelling’. In backwards modelling, halo masses and
radii are derived for an observational sample based on a stellar
mass estimate. This is often done by inverting a SMHM relation
〈m∗(Mh)〉 derived from abundance matching. However, this practice
can be quite dangerous in the presence of scatter in the underlying
SMHM relation, as we now show. From Fig. 1, we can see that
above a characteristic value of Mh, the slope of the SMHM relation
becomes quite shallow. As a result, a positive deviation in stellar
mass m∗ leads to a larger deviation in the derived halo mass than a
corresponding negative m∗, leading to a systematic overestimate
in halo mass and radius. Moreover, due to Eddington bias, as stellar
mass increases above the ‘knee’ in the stellar mass function, an
increasing fraction of galaxies with estimated stellar masses in a
given stellar mass bin are likely to have been scattered there due to
stellar mass errors.
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Fig. 10 shows a test based on applying backwards modelling
(inversion of a SMHM relation) to a mock catalogue in which
the true halo properties are known. We create a mock catalogue of
stellar masses based on the Bolshoi–Planck simulation, by applying
an assumed SMHM relation with a lognormal scatter in stellar mass
at fixed halo mass, as described in Section 2. Our mock catalogue
reproduces the observed stellar mass function at z = 0.1. Below
the mass scale where the SMHM becomes shallower, the median
recovered halo properties are nearly unbiased. However, above this
mass scale (m∗  1010.5 M	), the median recovered halo mass can
be overestimated by as much as two orders of magnitude, and the
estimated median halo radius can be overestimated by up to a factor
of 6. We show this test at z ∼ 0.1 as an illustration, but in detail
the errors in recovered parameters will depend on the stellar mass
errors and the slope of the SMHM relation.
5.3 Comparison with previous work
Our z ∼ 0.1 analysis of GAMA yields results that are very sim-
ilar to those of the analysis of K13, which was based on a more
heterogeneous low redshift sample that spanned a larger range in
stellar mass. Interestingly, in spite of the fact that we used differ-
ent observational samples and different halo mass definitions, our
quantitative conclusions for the low-redshift part of the analysis
are very consistent with those of K13: galaxy effective radius is
linearly proportional to halo radius with a proportionality factor of
∼0.018 (K13 finds 0.015). However, our physical interpretation of
the results is quite different from that of K13, as we discuss further
below.
Another recent study that has examined the relationship between
galaxy size and halo size using abundance matching is that presented
in two papers, Shibuya et al. (2015) and Kawamata et al. (2015).
They also analyse the CANDELS+3D-HST sample as well as an
additional sample of Lyman-break galaxies. They perform their own
GALFIT fitting procedure to measure the sizes of the CANDELS+3D-
HST sample as well as the LBG sample. They find good statistical
agreement between their measured sizes and those of vdW14 for the
CANDELS+3D-HST sample. They then estimate the dark matter
halo radius for each galaxy based on its stellar mass, using the
abundance matching relation of Behroozi et al. (2013b), and use this
to estimate re/Rh. They find values of re/Rh = 0.01–0.035, with ‘no
strong evolution’ in re/Rh from z ∼ 0 to 8. This is broadly consistent
with our results. However, there are several differences between
their analysis and ours, which make our results difficult to compare
in detail. For their main analysis (for which they compute re/Rh),
galaxies are selected in bins of observed UV luminosity, rather than
stellar mass, and sizes are k-corrected to the UV rather than the rest-
frame optical. They use a different halo mass definition than we do,
and indeed than Behroozi et al. (2013b). They use circularized radii,
which as we have noted may have a redshift-dependent relationship
with semimajor axis radii. If one looks closely at their fig. 16,
focusing on the z 3 redshift range of our study, there is a difference
of almost a factor of 2 between different bins in UV luminosity at
fixed redshift. Assuming that UV luminosity roughly traces SFR, it
is well known that there is a declining relation between stellar mass
and SFR with decreasing redshift (e.g. Speagle et al. 2014, and
references therein). One might expect, then, that selecting galaxies
at a fixed SFR would select lower mass galaxies at high redshift.
Furthermore, even at fixed stellar mass there is a correlation between
size and SFR, such that galaxies with below-average SFR for their
epoch have smaller sizes (Wuyts et al. 2011; Brennan et al. 2017).
Finally, as noted by Behroozi et al. (2013b), the inverse of the
fitting formula for the average stellar mass at a given halo mass
is not equivalent to the average halo mass at a given stellar mass,
because of scatter in the stellar mass–halo mass relation. Shibuya
et al. (2015) ‘backward’ model (go from stellar mass to halo mass)
while we ‘forward’ model (go from halo mass to stellar mass).
The recent study of H17 is easier to compare with our results,
as they use the same CANDELS catalogues and size measurements
used in our study. H17 perform a slightly different sample selection
from the parent CANDELS catalogues than we do. While we apply
a uniform magnitude limit that is appropriate for the CANDELS
wide depth (H160 < 24.5), H17 apply a fainter magnitude cut in
the CANDELS deep and Hubble Ultra-deep field (HUDF) regions.
H17 demonstrate the important result that the size distributions for
objects in the magnitude range 23.5<H160 < 24.5 in the wide region
and HUDF are consistent, confirming that low surface brightness
objects or wings are not biasing the size distributions significantly
at these magnitudes. As we show in Fig. A2, the size–mass relations
that we derive are nearly identical to those obtained from the sample
of H17.
In Fig. 11, we show a comparison between our derived values
of re/Rh, where re is the observed (projected) rest-frame 5000 Å
half-light radius and Rh is the halo radius, and the median values of
re/Rh from the analysis of H17. Overall, the results are in excellent
agreement, particularly when they repeat their analysis using the
same halo mass definition, and a similar SMHM relation, as those
adopted in our study. We see hints of a larger drop in re/Rh at
the highest stellar masses, which may be because the ‘backward
modelling’ approach adopted by H17 can tend to overestimate halo
mass and radius in the presence of scatter in the SMHM relation
(see Section 5.2).
H17 show the Rh–re relation separately for galaxies with the
lowest and highest values of Se´rsic index and of sSFR. We are
unable to do this in our forward modelling approach. H17 find that
the lowest Se´rsic (disky) galaxies have larger values of re/Rh than
the highest Se´rsic galaxies. A similar result holds for the highest
and lowest sSFR galaxies (the highest sSFR galaxies have larger
re/Rh). This is consistent with our finding that SRHR is smaller for
higher stellar mass bins, which also tend to have larger fractions of
high-Se´rsic, low-sSFR galaxies. However, we note that H17 have
not attempted to perform any correction for the different conversion
between projected and 3D radius for flat and round galaxies.
5.4 Physical interpretation
5.4.1 Theoretical expectations for disc sizes
What do our results tell us about the physics that shapes galaxy
sizes? We first compare our results with the predictions of the sim-
plest model for disc formation, equation (2). We can re-write this
as
re
λRh
= 1.678√
2
fj , (5)
where fj is the ratio of the specific angular momentum of the disc to
that of the halo. If this naı¨ve model were correct, then if the specific
angular momentum of the stellar disc is the same as that of the halo
(fj = 1), we would have re/(λRh) = 1.18.
Several refinements to this simplest model have been presented
in the literature. First, dark matter haloes that form in dissipation-
less N-body simulations in the CDM paradigm do not have sin-
gular isothermal density profiles, but are better characterized by
the Navarro–Frenk–White (NFW; Navarro, Frenk & White 1997)
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Figure 11. Ratio of (observed, projected) galaxy effective (half-light) radius to halo radius as a function of stellar mass and redshift. Filled circles show the
analysis presented in this work. Red crosses show the median values of re/Rh from the analysis of H17, using their fiducial halo mass definition and SMHM
relation (which are different from ours). Dark red triangles show results from the approach of H17 using our halo definition and the Behroozi et al. (2013b)
SMHM relation. The dashed lines show the 16th and 84th percentiles from H17, which estimates Rh for individual galaxies using the ‘backwards modelling’
approach. Our results are in excellent agreement, except at the highest stellar masses, where the differences are likely due to the forward versus backwards
modelling approach (see text).
functional form. Secondly, in the absence of non-gravitational en-
ergy injection, self-gravity from the baryons that collect in the centre
of the dark matter halo following cooling and dissipation should lead
to contraction, leading to discs that are smaller than the naı¨ve model
would predict. The degree of contraction can be estimated using the
‘adiabatic invariant’ approximation (e.g. Blumenthal et al. 1986;
Flores et al. 1993; Mo et al. 1998). In this formalism, the contrac-
tion factor depends on the halo concentration, the disc mass fraction
and the halo spin parameter, where more concentrated haloes, heav-
ier discs, and lower spin parameters lead to more contraction (see
Dutton et al. 2007; Somerville et al. 2008b).
In these slightly more sophisticated models, we now obtain (Mo
et al. 1998; Somerville et al. 2008b):
re
λRh
= 1.678√
2
fjf
−1/2
c fR(λ, c, fd ), (6)
where c is the NFW concentration parameter and fd ≡ mdisc/Mh
is the baryonic mass of the disc in units of the total halo mass.
The functions fc and fR(λ, c, fd) account for the NFW profile and
the adiabatic contraction. As shown in Somerville et al. (2008b),
typical values for f −1/2c fR range from 0.4 to unity, and likely have
an effective dependence on redshift through the evolving halo mass
versus halo concentration relationship (see the extensive discussion
in Somerville et al. 2008b). Thus, in a pure adiabatic contraction
picture, ignoring the presence of gas, we would have to conclude
that fj must be unity or greater than unity.
However, the quantity fd that enters above is the total baryonic
mass of the disc. In low-mass and high-redshift galaxies, cold gas in
the interstellar medium can comprise comparable or even possibly
greater amounts of mass than stars. Furthermore, the size predicted
by this equation is the size of the baryonic disc (stars plus cold gas).
It is well known that atomic gas is much more extended than the
stellar discs in nearby galaxies (Bigiel & Blitz 2012). However, it is
unknown how the stellar half-mass radius tracks the total baryonic
effective radius as a function of mass and redshift. Berry et al.
(2014) presented arguments based on modelling of Damped Lyman
α systems that this ratio might have to evolve with redshift. Due to
these considerations and other complications, we do not attempt to
draw any strong conclusions about fj from this work.
K13 points out that the normalization of the re versus R200 re-
lation implied by his analysis is about a factor of 2 lower than
that predicted by the simple disc formation model with adiabatic
contraction (equation 6). He speculates that this could be because
the galaxy size reflects the size of the halo when the disc formed,
rather than at the present day. He further speculates that most of
the apparent growth in halo mass and size since z ∼ 2 is due to
‘pseudo-evolution’. This would imply that galaxy growth does not
track the halo growth from z ∼ 2 to 0, so the galaxy size should be
proportional to the halo’s size at z ∼ 2. We find that a more detailed
implementation of the standard adiabatic contraction model within
a full semi-analytic merger tree model (including the effects of
gas, disc instabilities, and mergers; Somerville et al. in preparation)
produces discs that are about 50 per cent too large at a given mass
at z ∼ 0, compared with observations, but are in good agreement
with the size–mass relation from CANDELS at 0.4  z  3 (see
also Brennan et al. 2017). However, we do not support ‘pseudo-
evolution’ as a complete explanation for two reasons. First, the
concept of pseudo-evolution does not appear to apply to gas within
forming haloes, as discussed above (see also arguments presented in
Rodrı´guez-Puebla et al. 2016a). Secondly, the ‘stagnation’ of discs
since z ∼ 2 does not appear to be consistent with the star formation
histories of galaxies derived from multi-epoch abundance matching.
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Figure 12. Examining the effect of star formation history on galaxy size.
Using halo mass dependent star formation histories derived from abundance
matching, we assume that new stars were formed in an exponential disc with
a half-mass radius of 0.036 Rh(z), with the same centre and orientation as
previous generations. At each redshift, we stack all stars formed (accounting
for appropriate stellar mass loss) and compute the ratio of the stellar half-
mass radius to Rh. For today’s high-mass galaxies (1013M	 haloes), there
is quite a lot of evolution in this ratio, because most of the stars were
formed early on when the halo was much smaller, and there is little late star
formation. For lower mass galaxies (1012M	 haloes), the effect is smaller,
about 30 per cent. For even lower masses, we expect the effect to be even
smaller.
We illustrate this in Fig. 12. Here, we use the halo mass de-
pendent star formation histories derived from abundance matching
as described in Behroozi et al. (2013b). We assume that stars were
formed in an exponential disc with half-mass radius 〈λ〉Rh(z), where
〈λ〉 = 0.036 is the average value of the spin parameter in Bolshoi–
Planck, and Rh(z) is the halo virial radius at the redshift at which
a parcel of stars is formed. Fig. 12 shows that galaxies in massive
haloes Mh  1012.5M	 might have sizes that more closely reflect
the halo size in the past, because star formation in these haloes
was quenched at some earlier time. However, galaxies in haloes the
mass of our Milky Way or smaller Mh  1012M	 have had consid-
erable ongoing star formation, and therefore this ‘formation time’
weighted size does not change much. The evolution for even lower
mass haloes would be even smaller.
Perhaps the only way to reconcile the idea that disc sizes reflect
the halo size at some earlier epoch with the results presented above
would be if the gas stopped falling in to the disc at some point, and
star formation continued as that disc gas reservoir was converted
into stars. This probably happens to some extent. However, both
numerical hydrodynamic simulations (Faucher-Gigue`re, Keresˇ &
Ma 2011; Angle´s-Alca´zar et al. 2017) and observations of galaxy
gas content and consumption times at z ∼ 1–2 (Saintonge et al. 2013;
Genzel et al. 2015) are inconsistent with gas accretion ceasing
completely at z ∼ 1–2 in disc galaxies in Milky Way or smaller
sized haloes.
Desmond & Wechsler (2015) investigated a model based on abun-
dance matching and an angular momentum partition model similar
to equation (6), but allowing for expansion as well as contraction
due to baryonic processes. They found that they were able to repro-
duce the normalization and slope of the z ∼ 0 mass–size relation
with a value of fj (in our notation) of 0.74–0.87, depending on the
halo property used in the abundance matching.
5.4.2 Theoretical expectations for spheroid sizes
One of the surprising results of this work (already emphasized by
K13) is that the linear proportionality re ∝ λRh seems to work just as
well for spheroid-dominated galaxies at z ∼ 0.1 as it does for discs –
and in the nearby universe, the value of SRHR is almost the same for
stellar mass bins that are mostly comprised of spheroid-dominated
galaxies and those that are mostly comprised of disc-dominated
galaxies. However, a new result shown in this work is that there
are hints that SRHR has a stronger dependence on stellar mass at
high redshift, such that SRHR is smaller for higher mass galaxies at
high redshift. Why should SRHR be lower for high-mass galaxies
at high redshift, but then converge to the same value as for lower
mass galaxies by z ∼ 0.4?
This may be consistent with the picture in which massive galaxies
at high redshift experience significant loss of angular momentum
and compaction due to dissipational processes such as mergers and
violent disc instabilities (Dekel & Burkert 2014; Porter et al. 2014a;
Zolotov et al. 2015). Some of the gas that has been stripped of angu-
lar momentum is able to accrete on to a central supermassive black
hole, which subsequently drives gas out of the galaxy with power-
ful winds and stops further cooling. The remnants are then ‘puffed
up’ by dry (gas poor), mostly minor mergers (Naab, Johansson &
Ostriker 2009; Shankar et al. 2010, 2013; Hilz, Naab & Os-
triker 2013; Porter et al. 2014a,b). As the galaxy then acquires
angular momentum from the orbits of the merged satellites, it is
perhaps not so surprising after all that the angular momentum of
the satellite population traces that of the host dark matter halo. We
work these ideas out in more detail, and explore their implications
for the size evolution of both discs and spheroids, in numerical
hydrodynamic simulations (Choi et al. in preparation) and SAM
(Somerville et al. in preparation).
5.4.3 Theoretical expectations for conditional size distributions
We found that the conditional distribution of P(λRh|m∗) from our
SHAM is in remarkable agreement with the observed conditional
size distributions (size distribution in a bin of stellar mass and
redshift, P(re|m∗)). We found this to be the case in both the GAMA
and CANDELS samples in all redshift bins from 0.1 < z < 3. This
point was already made in K13 with respect to nearby galaxies, but
we have shown it here more explicitly, in greater detail, and also for
a mass-selected high-redshift galaxy sample.
This result is surprising for several reasons. First, in the context of
SAM of disc size such as equation (6) above, we expect additional
dispersion to arise from the terms depending on disc mass (fd) and
halo concentration (cNFW). Both of these quantities are expected to
have significant halo-to-halo scatter. Indeed, Desmond & Wechsler
(2015) showed that a model based on abundance matching plus
an angular momentum partition type model similar to equation (6)
produces too large a scatter in galaxy size at fixed stellar mass.
Secondly, it holds across populations that are almost entirely disc
dominated to ones that are almost entirely composed of giant ellip-
ticals. This seems a non-trivial finding, given that discs are rotation
supported while spheroids are supported by velocity dispersion. It
may be a coincidence, or it may tell us something fundamental
about the way that galaxies form. It may also appear surprising
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in view of the large (roughly two orders of magnitude) galaxy-to-
galaxy scatter in the relationship between galaxy spin and halo spin
(λgalaxy versus λh) predicted by numerical simulations, as discussed
in the introduction. However, we emphasize that these two findings
are not necessarily inconsistent, although they do tell us something
important about the physical processes that shape galaxy structure.
The ratioλgalaxy/λh is equivalent to the ratio of the specific angular
momenta of the galaxy and the DM halo (Jgal/Mgal)/(Jh/Mh) ≡
(jgal/jh), sometimes denoted fj, and often adopted as a parameter in
SAM. For a disc, we can write (adopting the Bullock definition of
spin)
rd = fj
(
Vh
Vrot
)
(λBRh), (7)
where rd is the exponential scale radius of the disc, Vh is the virial
velocity of the halo, Vrot is the rotation velocity of the disc and other
quantities are as defined previously. It is clear from this example
that an anticorrelation between any of the terms (such as fj and
Vh/Vrot or fj and λh, neither of which would be difficult to motivate
physically) could reconcile a large dispersion in fj with our results.
It is also entirely possible that the distributions of λgalaxy and λh
could be similar, even if their values are not well correlated for indi-
vidual galaxies. This picture appears to be supported by the results
of the Ceverino et al. (2014) numerical hydrodynamic simulations
(Dekel et al. in preparation). This could arise if, for example, the
values of λgalaxy and λhalo are determined by the physical condi-
tions at different times, or different spatial locations. In addition,
Burkert et al. (2016) found that the dispersion in galaxy spin pa-
rameter λgalaxy for observed star-forming galaxies at redshift ∼0.8–2
is similar to the dispersion in halo spin parameters in dissipation-
less simulations. Investigating whether comparable distributions of
λgalaxy and λhalo are indeed naturally and generically produced in
numerical cosmological simulations, and better understanding the
physical processes that lead to this result, is an important issue to
follow up.
Although we have included a simplified estimate of errors in the
stellar mass measurements in our SHAM, we have made no effort
to deconvolve the observational errors in the size measurements or
to add errors to the theoretical size predictions. The observational
size distributions are of course broadened by both size and stellar
mass measurement errors, implying that the theoretically predicted
size distributions are actually somewhat broader than the intrinsic
observed ones. However, it is also possible that the breadth of the ob-
servational distributions is underestimated due to selection effects.
Galaxies with very large sizes may be missed due to surface bright-
ness selection effects (or their sizes underestimated), and galaxies
with very small sizes may be mistaken for stars, may be unresolved,
or may be preferentially discarded because the fit quality is poor.
One can see from Fig. 9 that the most compact galaxies predicted
by the SHAM model are unresolved even by WFC3 on HST in the
higher redshift bins, or contain only a few pixels.
Our results highlight the importance of confronting the observed
conditional size distributions with predictions from state-of-the-
art, high resolution numerical hydrodynamic simulations, including
a detailed treatment of observational selection effects, errors and
biases.
6 C O N C L U S I O N S
In this paper, we have explored an empirical approach for connecting
(in a statistical sense) the observed radii of the stellar bodies of
galaxies with the virial radii of their host dark matter haloes. We used
a mapping between dark matter halo mass and stellar mass based on
SHAM. We then explore observational constraints on the median
relationship between galaxy effective radius and the halo virial
radius (SRHR). In addition, we explore the median relationship
between galaxy radius and the product of the halo spin parameter
and the halo virial radius (SRHRλ). We find the following main
results:
(i) At z ∼ 0.1, the average ratio SRHR is consistent with being
roughly independent of stellar mass, with a value of ∼0.018 over a
broad range in stellar mass. Similarly, SRHRλ is nearly independent
of stellar mass with a value of ∼0.5.
(ii) We find hints that SRHR and SRHRλ have a stronger de-
pendence on stellar mass at high redshift than locally, with high-
mass galaxies having a value of SRHR and SRHRλ that is about
50 per cent smaller than that of lower mass galaxies at z ∼ 2.
(iii) We find weak or negligible redshift evolution in SRHR over
the interval 3 < z < 0.1. For galaxies with stellar mass m∗ 
1010.3 M	, SRHR has decreased by about a factor of 1.5 over
this interval. For more massive galaxies, SRHR has increased by a
similar factor from 3 < z < 0.4.
(iv) The preceding empirical results appear consistent with a pic-
ture in which massive galaxies at high redshift form via dissipative
processes (such as gas-rich mergers or violent disc instabilities),
leading to compact galaxies. As time progresses, galaxies become
more gas poor, and massive galaxies seen closer to the present
epoch are built up of a series of gas-poor mergers, leading to more
extended stellar bodies.
(v) The inferred redshift evolution of SRHRλ depends on the
definition of the spin parameter that is adopted. If we adopt the
Peebles definition of λ, we find a decrease of about a factor of 1.8
over 3 < z < 0.1 for galaxies with m∗  1010.3 M	, while if we
use the Bullock definition of λ, we find results that are consistent
with no significant change in SRHRλ over this time period.
(vi) We find the conditional distribution of λRh in stellar mass
bins from our SHAM is in remarkably good agreement with the
observed conditional size distributions in stellar mass bins from
z ∼ 0.1 to 3 (for both the GAMA and CANDELS samples). This
suggests that there is little room for large galaxy-to-galaxy varia-
tions in SRHRλ, unless the width of the observed distribution is
significantly underestimated, internal correlations conspire to re-
duce the dispersion, or galaxy size is uncorrelated with halo spin
but by chance just happens to have a distribution with roughly the
same width at fixed mass.
(vii) We caution that there are still significant uncertainties in key
areas of this analysis, such as in converting from observed quantities
(projected, light-weighted sizes) to intrinsic quantities (3D, stellar
mass weighted sizes). These could impact our reported trends and
further work is needed to constrain them better.
Our results provide guidelines for adding size information to
SHAM-type models, as well as providing insights into the physics
that shapes galaxy sizes over cosmic time.
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APPENDI X A : O BSERVED SI ZE– MASS
R E L AT I O N S
In Fig. A1, we show the size–mass relation for the GAMA sam-
ple that we use in this work. We show the relation for galaxies
with Se´rsic index ns < 2.5 (disc-dominated galaxies) and ns > 2.5
(spheroid-dominated galaxies) separately, as we apply corrections
for deprojection and to convert from half-light radii to half stellar
mass radii based on this division. We show a comparison between
the mean and median sizes in stellar mass bins from our analysis
and several relations from the literature, including the analysis of
GAMA by Lange et al. (2015) and the analysis of SDSS by Bernardi
et al. (2014). The GAMA sizes appear to be systematically larger
at a given stellar mass than the SDSS sizes. Note that the Bernardi
et al. (2014) sizes are circularized, while the GAMA-based sizes in
our analysis and that of Lange et al. (2015) are semimajor axis sizes.
By comparing the Bernardi et al. (2014) results with the circular-
ized size measurements from the GAMA data base, it can be shown
that this difference largely explains the offset (Kravtsov, private
communication).
In Fig. A2, we show our derived size–mass relations for the
CANDELS sample used in this work. Here, we show the full sample,
without dividing into different galaxy types, but we again apply a
Se´rsic-dependent correction for deprojection and to convert from
light to stellar mass. Our derived size–mass relation is in excellent
agreement with the published results of vdW14 and H17.
A P P E N D I X B : H A L O ST RU C T U R A L
PA R A M E T E R D E F I N I T I O N S
In this appendix, we show the differences between different def-
initions of halo virial radius and spin parameter. It has become
customary to define dark matter haloes as spherical overdensities
within which the average overdensity exceeds a threshold value.
However, different values of this overdensity parameter are used
in the literature. The most common conventions are to assume a
fixed overdensity of 200 or to assume a redshift-dependent over-
density vir as given in Bryan & Norman (1998). To make matters
even more confusing, some studies apply the overdensity thresh-
old relative to the critical density of the Universe while others use
the background density. This results in different values of Rh for a
given Mh, different values of halo number density (or abundance)
at a given Mh, and different redshift evolution for all quantities. It
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Figure A1. Observed size–mass relation for the GAMA sample used in this analysis, compared with other relations from the literature. Here, re is the
semimajor axis half-light radius in the r band. Left-hand panel: relation for disc-like galaxies with Se´rsic parameter ns < 2.5. Crosses show means, while open
circles show medians. Solid blue lines show the 16th and 84th percentiles. The grey-blue dashed line shows the fitting function for ns < 2.5 galaxies given in
Lange et al. (2015), and light blue dotted and dot–dashed lines show the results for single Se´rsic and Se´rsic+exponential fits (respectively) from Bernardi et al.
(2014). Note that the Bernardi et al. (2014) sizes are circularized. Right-hand panel: relation for spheroid-dominated galaxies with Se´rsic parameter ns > 2.5.
Lines and symbols are as in the left-hand panel, but all for ns > 2.5 galaxies. The dark grey solid line in both panels shows the size–mass relation for the disc-
and spheroid-dominated samples combined, converted to the 3D stellar half-mass radius using the type-dependent correction described in the text.
Figure A2. Observed size–mass relation for the CANDELS sample used in this work, in redshift bins as indicated on the panels. Dark-grey filled circles:
results from our analysis. Open squares: results from the published analysis of vdW14. Red crosses: results from the analysis of H17. All of the preceding
show median rest 5000 Å half-light radii. The light grey line, repeated in each panel, shows the size–mass relation from the z = 0.1 GAMA sample. There
is good agreement between the observed size–mass relation published by van der Wel et al. (2014a), that derived from our analysis of the CANDELS team
catalogues, and that derived from the analysis of H17. Black stars: estimated median 3D stellar half-mass radii obtained by applying the type-dependent
corrections described in the text to the CANDELS sample.
also results in different values for the total angular momentum of
the halo, Jh, and spin parameter λ.
In Fig. B1, we show the virial radius as a function of redshift for
a halo with a mass of 1012 M	. We also show the virial radius as a
function of redshift at fixed mass, normalized to the value at z = 0.
One can see from this figure that the halo radius at a given mass
differs at z = 0 by as much as a factor of 2 in different definitions,
while all definitions produce nearly the same value above z ∼ 3. As a
result, conclusions about the evolution of halo radius across cosmic
time can also differ by a similar factor. The ‘200 crit’ definition
MNRAS 473, 2714–2736 (2018)
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Figure B1. Halo radius versus redshift for different definitions of halo mass and radius. Solid dark blue: rvir,crit; light blue dot–dashed: rvir,b; green dotted:
r200,crit; dark green dashed: r200,b (see text for definitions). Different definitions produce similar results at high redshift, but the halo radius may differ by as
much as a factor of almost 2 in normalization at z = 0 for different definitions, and the inferred evolution can differ by a similar amount.
Figure B2. Distributions of the spin parameter λ in the Bolshoi–Planck simulations, in the redshift bins used in our analysis. Left: Peebles definition λP.
Right: Bullock definition λB. Vertical lines show the medians in each redshift bin. The median value of λP, along with the whole distribution, shifts to larger
values with decreasing redshift, while the median value and distribution of λB shift to smaller values with decreasing redshift.
produces the least evolution, while the ‘vir background’ definition
produces the most.
The halo spin parameter clearly depends on the halo mass and
radius definition. In addition, two different dimensionless spin pa-
rameters have been proposed in the literature, the ‘Peebles’ and
‘Bullock’ definitions described in Section 1. These are generally
assumed to be interchangeable. In Fig. B2, we show the distribu-
tions of halo spin parameters in the Bolshoi–Planck simulations,
in the six redshift bins used in the rest of our analysis (0.1–0.5,
0.5–1.0, 1.0–1.5, 1.5–2.0, 2.0–2.5 and 2.5–3.0; the redshift labels
on the plots indicate the volume mid-point of each bin). We show
the distributions for both the Peebles and Bullock definition of the
halo spin parameter. In both Figs B2 and B3, we show only ‘dis-
tinct’ haloes (haloes that are not a sub-halo of another halo) with
Mh > 1010.35 M	 (this is the mass limit quoted by Rodrı´guez-
Puebla et al. (2016b) for robust determination of halo structural
properties in the Bolshoi–Planck simulations).
We see that the distribution of λP shifts towards larger values at
lower redshift, while the distribution of λB shifts towards smaller
values at lower redshift. The ratio of the median value of λP in the
2.5 < z < 3.0 bin to that in the 0.1 < z < 0.5 bin is 0.85, while this
ratio is 1.16 for λB.
The original motivation behind the Peebles definition of the spin
parameter λP was to represent the fraction of the total energy of
a system in the form of ordered rotational motion. Thus, the total
energy E comes in to the expression. In the special case of a truncated
singular isothermal sphere in which all particles are on circular
orbits,
E = −GM
2
2R
= −MV
2
c
2
. (B1)
Thus, we see that for truncated singular isothermal spheres with all
particles on circular orbits, the Peebles and Bullock definitions of
spin are the same (λP = λB). For the more cosmologically relevant
MNRAS 473, 2714–2736 (2018)
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Figure B3. Left: Median NFW concentration parameter versus halo mass for the same redshift bins used in our analysis. The shaded red area shows the 16
and 84th percentiles for the z = 0.1–0.5 bin. As is well known, halo concentrations at a fixed mass are lower at high redshift. Right: Ratio between the Peebles
and Bullock definitions of the spin parameter in the Bolshoi–Planck halo catalogues as a function of the NFW concentration parameter. For perfect spherical
haloes with no sub-structure, with all particles on circular orbits, λP/λB should be equal to the function (fc)1/2 (see text). The evolution of halo concentrations
go in the right direction to explain the differing evolution of λP and λB in the simulations, but do not appear to provide a complete explanation, as seen from
the evolution in λP/λB at fixed cNFW.
(but still simplified) case of perfect NFW spheres with all particles
on circular orbits, the total energy E is
E = −GM
2
2R
fc, (B2)
where the function fc depends only on the NFW concentration pa-
rameter (see e.g. equation 23 of Mo et al. 1998). This function can
be well-approximated by the fitting function (Mo et al. 1998)
fc  23 +
( cNFW
21.5
)0.7
. (B3)
Thus, for smooth, spherical NFW haloes with all particles on circu-
lar orbits, λP/λB = (fc)1/2.
Fig. B3 shows the median halo mass versus NFW concentration
parameter for haloes in the Bolshoi–Planck catalogues in the same
redshift bins. As is well known, the concentration for a fixed halo
mass is lower at high redshift. As fc is a monotonically increasing
function of the concentration parameter cNFW, we would therefore
expect λP/λB to be lower at high redshift as well (for fixed halo
mass). However, we see from the right panel of Fig. B3 that the ex-
planation appears to be somewhat more complicated: haloes have
lower median values of λP/λB at high redshift even at fixed con-
centration. This could be due to haloes in cosmological simulations
deviating from sphericity, having sub-structure, or deviating from
having all particles on circular orbits, by different amounts at dif-
ferent redshifts. Clearly, this is an interesting issue to investigate in
more detail, as it may have important implications for the structural
properties of galaxies and their evolution.
This paper has been typeset from a TEX/LATEX file prepared by the author.
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